The paper shows how the aspects of uncertainty in spatial harvest scheduling can be embedded into a harvest optimization model. We introduce an approach based on robust optimization that secures better scheduling schematics of the decision maker while eliminating a significant portion of uncertainty in the decisions. The robust programming approach presented in this paper was applied in a real management area of Central Europe. The basic harvest scheduling model with harvest-flow constraints was created. The uncertainty that is assessed here is due to forest inventory errors and growth prediction errors of stand volume. The modelled results were compared with randomly simulated errors of stand volume. The effects of different levels of robustness and uncertainty on harvest-flow were analyzed. The analysis confirmed that using the robust approach for harvest decisions always ensures significantly better solutions in terms of the harvested volume than the worst-case scenarios created under the same constraints. The construction of a mathematical model as well as the methodology of simulations are described in detail. The observed results confirmed obvious advantages of robust optimization. However, many problems with its application in forest management must still be solved. This study helps to address the need to develop and explore methods for decision-making under different kinds of uncertainty in forest management.
Introduction
According to the Food and Agriculture Organization [1], one form of sustainable indicator is the area of forests under sustainable forest management. Sustainable development is a necessary part of sustainable forest management and its purpose is to eradicate poverty, to significantly minimize deforestation, and to minimize degradation of natural resources (forests) and the loss of biodiversity of the forests. Forest management should reduce possible fluctuations in the harvested amount of wood that could cause excessive deforestation and thereby reduce all ecosystem services. However, there are a lot of uncertainties in forestry-timber sector which can significantly impair the functioning of the entire supply chain and thus decrease the efficiency of use [2] . Uncertainty means lack of the information about the current or future state of the forest. The quality of forest management and planning has an important direct impact on the performance of the supply chain [3] .
Although forestry and timber supply chains have been improved during the last decade, the challenge of integrating different planning problems still remains. For example, long-term forest management requires assumptions about future conditions which have various degrees of uncertainty. Wrong 
Materials and Methods

Study Area
The models were applied to a 513.9 ha forest management unit (FMU) located in the central part of the Czech Republic with mean altitude of 510 m above sea level. The mean rotation period is 110 years and the regeneration period is 30 years. The stand volume data for this FMU were obtained from the forest inventory documents in 2013. To simplify the scenarios, species composition of the forest stands was limited to a single species, Norway spruce (Picea abies (L.) Karst), which covers 87% of the FMU. We used the current mean site index of the studied FMU equal to 28. One hundred and sixty-three (163) stands with a total area of 350 ha were available to be harvested in the initial 50 years. Each forest stand was divided into the harvest units (strips) following the rules of the clear-cut system (i.e., the limited area and the width of strips). The total number of harvest units was 361, with an average area of 0.96 ha. A planning horizon of five periods (each 10 years long) was used for the analysis.
Model Formulation
In this section, we introduce two harvest scheduling models. Firstly, the deterministic model (DET) of harvesting will be specified and the robust model (ROB) and its development from the first model (DET) will be described. The DET model represents a deterministic description of the harvest scheduling situation where no uncertainty is assumed. The ROB model describes the analogous situation but with aspects of uncertainty also included. Both models are described further in detail.
The DET maximizes the volume of the harvest units over a certain number of harvest periods while the harvest balance across the planning horizon as well as the spatial restrictions between the cutting units are preserved. This model generally falls into the category of Unit restriction models of spatial harvest scheduling (URM), which specifically proposes harvesting not only in the time but also in the space. The DET model is a discrete programming model and consists of a set of decision 0-1 variables x ip , four sets of constraints and one objective function. The model is generally applied to I cutting units over P periods, and the indices of decision variables x ip are i = 1, 2, . . . , I and p = 1, 2, . . . , P.
The optimization goal is given as the maximization of the harvested volume v under the constraints that harvesting fluency, unit adjacency, and other logical conditions are satisfied. For modelling purposes, we assumed 5% growth from period to period. Let us denote the DET model as:
(1 − α)
x ip + x jp ≤ 1 ∀i, ∀p, ∀j ∈ Ω (4)
The objective function (1) maximizes the harvested volume of each unit i in every period p over the set of all units i = 1, 2, . . . , I and the set of all periods p = 1, 2, . . . , P. where v expresses the stand volume. The first set of constraints (2) ensures that each unit is harvested at most once during the planning horizon, the second set of constraints (3) ensures the fluent harvest flow with the maximum deviation such that 0 ≤ α ≤ 1, and the third set of constraints (4) describes the spatial restrictions of the problem while the set Ω i includes all units adjacent to the unit i. The last set of constraints (5)
shows what values the decision variable x ip can attain. The value of 0 means the unit i is not harvested in period p, while 1 shows the opposite. Let us denote the feasibility subset (2, 4, and 5) of DET as Φ (defined later).
The solution of the DET model is based on the assumption that all exact parameter values of its components are known. Specifically, it is considered that the estimated volume v ip of all harvest units i is not going to change in any way over the planning horizon of P periods. In practice, this is hardly a certainty with respect to all thinkable influences of environmental changes or human-caused actions.
It is possible to overcome these unexpected deviations by building a robust optimization model. A robust alternative to the standard deterministic optimization model is called a robust counterpart (ROB). In the following section, the modified approach of Palma and Nelson [5] (originally based on [26] ) that accounts also for the robustness of left-hand side coefficients will be briefly summarized.
Let us have a general constraint of an optimization model given as a ij x j ≤ b. Let us assume that the coefficients a ij belong to a symmetric interval a ij −â ij , a ij +â ij , whereâ ij is the expected symmetric deviation from the original deterministic value of the coefficient a ij . To acquire the ROB model, one must perform several steps to transform the original model into its robust counterpart. The deviations shown in this paragraph refer to the changes in the left-hand side coefficients in an arbitrary constraint of an optimization problem given as:
subject to:
The robust counterpart of (6, 7) model is then defined as:
There are several new variables and parameters in (8, 9 ) that need to be explained. Auxiliary variables q ij and z i are products of the ROB model inference from the DET and have no significantly important real interpretation for our purposes. Γ i is an important parameter that controls the uncertainty for each constraint. The value of Γ i (protection level) represents how many left-hand side coefficients of that constraint we assume have deviations from their original values a ij byâ ij . The set of indices J i is the set of uncertain coefficients that are considered for each constraint. We refer the reader to Bertsimas and Sim [26] for the detailed proof of creating (8, 9) from (6, 7) .
Going back to our DET model, one can realize that imposing the uncertainty on any left-hand side coefficients in constraints (2-5) would be sensible only in the case of constraints (3). In the remaining constraints (2, 4, and 5), no such coefficients are explicitly included. In the case of (3), it could be assumed to impose the uncertainty on parameter α or parameter(s) v ip The parameter α alone is given by the harvest-flow standards where no deviations can be logically assumed. The group of parameters v ip is more of our interest since the volume of individual stands is a quantity that can be hardly measured with absolute precision. Thus, we will concentrate on assuming deflections in the v ip parameters.
The v ip s in the DET model are found in constraints (3) that express the ratio between the total volumes harvested in two consequent periods. One must notice that the very same parameters also appear in the objective function of the DET model. We can assume that the uncertainty of v ip s must be then considered in both constraints (3) and objective function (1). We will apply the transformation from DET model (6, 7) to ROB model (8, 9) as described above. However, the given form of ROB (8, 9) assumes uncertainties only in the left-hand sided coefficients of the model constraints. In our case, the uncertainty is needed in the constraints and in the objective function. One can overcome this issue by transforming the objective function into a constraint in the following way:
Is equivalent to (11) with (12) Maximize E
subject to
with E as an auxiliary function. Now in (12) the objective function coefficients are on the left-hand side and hence, it is possible to treat them in terms of building a robust counterpart. However, the number of expected deviations v ip controlled by Γ i parameter is known. To solve it, let us assume that some of the v ip s will deviate in the objective function (or now in constraint (12) ) by at mostv ip . By setting Γ i to a specific value we state that this is the maximum possible number of coefficients v ip that will possibly deviate from their expected values. However, the coefficients are not specified. Practically, it means that the number of the coefficients, which will change in every period p, is unknown. This is a problem in relation to the set of constraints (3) wherein the same v ip s are also included. To deal with this situation we have to split the objective function into a sum of P functions with each representing one period. That leads to the following equivalent re-definition of (11) and (12) into:
This allows us to treat the uncertainty in the individual periods separately. It is now possible to design the final ROB model: 
This was an expected obstacle since the problem is NP-hard (non-deterministic polynomial-time hard) on its own (due to the presence of integral variables). The time limit for solving had to be set to 1200 s. The instances of the described models were computed on a personal computer with Intel ® Core™ processor (Intel, Santa Clara, CA, USA) with 3.40 GHz and 16.0 GB random-access memory, which represents common computer equipment available today. The Gurobi ® 6. 5 (Gurobi, Houston, TX, USA) [27] optimization solver was used. The branching solving algorithm allows for lower and upper bounds to be found on the optimal solution. The optimal solution might not be found in a reasonable time but the lower and upper bounds might be. This approach can sometimes provide a sufficiently tight estimate of the result. Once the lower and upper bounds on the optimal solution are available the software is able to calculate the feasible solution x * * whose objective is within p % of the optimum value x * . The difference between x * and x * * is called a gap.
Simulation Experiments
The deterministic and robust solutions were tested by simulating the uncertain coefficients of the model within the uncertainty sets as described above. The slightly changed approach proposed by [5] was used for the simulation. That is, we analyzed the optimal solutions from the deterministic and robust models using randomly selected harvest units whose stand volumes were reduced by deviations defined above (v ij ). The number of the randomly selected harvest units was equal to the protection levels (Γ p ) for each individual planning period. We performed 1000 simulations of the volume coefficients for all optimal solutions. The same number of simulations was performed in the similar experiments by Palma [5] . In our case, it occurred that the higher number of simulations is not necessary for the refinement of the results. A convergent behavior was observed in the variance of the solutions above 1000 simulations, and thus we consider this number sufficient. The resulting objective function, change in the periodic harvested amount, and the occurrence of infeasibility were examined.
Results
Different harvest flow percentages (10% to 100% in scale of 10%) were analyzed in this paper for five planning periods. The uncertain parameters were used for the simulation experiments and the ROB model. We assumed the deviationv ij equal to 15% for the first planning period (PP), 20% for the second PP, 25% for the third PP, 30% for fourth PP, and 35% for the fifth PP. The assumptions of the deviations are based on the theoretical expectation of the inventory errors in the first PP which increase in each period by the approximated prediction errors. The protection levels Γ p were set to 10% to 60% for the first PP. It is assumed that 10% to 60% of the harvest units can have negative deviations from the original value in the first PP. We assumed that the confidence in the predicted number of deviations decreases with every subsequent PP; in other words, the protection level increases by 10% in each PP. Figure 1 presents the relation between the protection level and the harvested volume estimated by simulation experiments for each period. The optimal solution from the DET model was used for the simulation experiments and is presented by the black squares in the figure. The harvest flow constraints were excluded from this DET model. It is obvious that as the planning period and the expected uncertainty of growth increase, the difference between the expected harvested volume (DET model value) and the simulated worst alternative of the harvested volume also increase. Contrary to other works (e.g., [5] ), simulations were always worse (100% of cases) than the solution obtained by the DET model, or always better (100% of cases) than the solution obtained by the ROB model. The results for the DET model that include the harvest flow constraints for 50% protection level in the first PP are presented in Table 1 . Only one initial size of protection level was selected for a clear presentation of the results. It is obvious that as the harvest flow percentage increases the total harvested volume also increases. However, the difference in the total harvested volume (objective function of the DET model) is more than 4% between 10% and 100% harvest flow. The harvested volume increases with the period index because of the growth of the forests. The harvest flow constraints do not affect the total harvested volume significantly but they are necessary for the harvest flow preservation. The exclusion of the harvest flow constraints from the model or too high values of the harvest flow percentage can have a significant negative impact on the ecosystem in the future without any significant economic effect. The results for the DET model that include the harvest flow constraints for 50% protection level in the first PP are presented in Table 1 . Only one initial size of protection level was selected for a clear presentation of the results. It is obvious that as the harvest flow percentage increases the total harvested volume also increases. However, the difference in the total harvested volume (objective function of the DET model) is more than 4% between 10% and 100% harvest flow. The harvested volume increases with the period index because of the growth of the forests. The harvest flow constraints do not affect the total harvested volume significantly but they are necessary for the harvest flow preservation. The exclusion of the harvest flow constraints from the model or too high values of the harvest flow percentage can have a significant negative impact on the ecosystem in the future without any significant economic effect.
The results of the simulation using the DET model show ( Table 2 ) that as the harvest flow percentage decreases the total harvested volume increases. The simulated total harvested value from the DET model without the harvest flow is also worse than the DET model´s results without the harvest flow constraints. This means that the harvest flow constraints do not affect the total harvested volume under uncertainty. However, the highest total harvested volume is obtained without the harvest flow constraints by simulations as well as the DET model.
If the results from the DET model and simulation experiments are compared, one can see that no value from the simulations is better than the values obtained using the DET model. Moreover, no value of the periodic harvested volume obtained from the DET model is within the range of simulations given by standard deviations. The worst alternatives of the harvested volumes will therefore always be lower than expected according to the harvest scheduling plan. Unlike the DET model results (without the harvest flow constraints), the relations between the protection level and the harvested volume obtained from the ROB model and simulation experiments for each period are more similar (Figure 2 ). There is therefore no big difference between the expected value (ROB model) and the worst possible real alternative (simulated values). Moreover, all of the simulated worst possible alternatives are better than expected by the ROB model, which can be understood as a success rate of simulations surpassing the ROB model results. On the other hand, the success rate of simulations over the DET model was 0.
At the beginning of the planning horizon (first PP), the harvested volume increases with the increasing protection level. However, in the middle and at the end of the planning horizon (third to fifth period), the harvested volume decreases as the protection level increases. It is necessary to emphasize that these relations are only valid for the models and simulations that do not contain the harvest flow constraints.
protection level, as the situation is similar in other protection level alternatives as well. The positive value of percentages signifies the increase of the harvested amount between two consecutive periods, the negative value of percentages signifies the decrease of the harvested amount between two consecutive periods. Although the achieved harvest flow percentages are better than those expected by the ROB model even in the case of the simulations, the harvest flow during the planning horizon is not ensured. The results of the computations for the chosen instances are shown in Table 3 . The table shows the influence of the harvest flow percentage with the combination of the protection level on the computation time measured in a gap tolerance. The scenarios with 10% up to 100% harvest flow were assumed with the initial protection level varying from 10% up to 60%. Note that it is not possible to inspect protection levels above 60% because we consider the protection level in the experiment methodology to raise by 10% in each period. Starting with 60% in the first period would result in 100% protection in the fifth period, which is the logical protection limit. When both the harvest flow and the protection level were set to smaller values the optimal solution was found with zero objective, which means that no harvesting should be performed at all. This is caused by too strict requirements on the model in terms of protection and harvest flow and no solution where the units could be harvested exists. In general, the lower the harvest flow is the stricter the requirements are laid on the model and thus, the solution is not achievable at all or is achievable in a time that exceeds the practical usage of this approach.
One might argue that the use of the presented ROB models is impractical when it is not possible to achieve a low harvest flow. However, when the final harvest flow percentages are calculated for models and simulations results, one can see that the real (achieved) harvest flow is much lower than the expected one by the models (Table 4 ). The resulted harvest flows are presented just for the 50% protection level, as the situation is similar in other protection level alternatives as well. The positive value of percentages signifies the increase of the harvested amount between two consecutive periods, the negative value of percentages signifies the decrease of the harvested amount between two consecutive periods. Although the achieved harvest flow percentages are better than those expected by the ROB model even in the case of the simulations, the harvest flow during the planning horizon is not ensured. Table 4 . The real (achieved) harvest flow percentages for ROB models and simulations for 50% protection level in the first PP. The results of the ROB model including the harvest flow constraints for 50% protection level in the first PP are presented in Table 5 . Only one initial size of the protection level was selected to ensure the clarity of the result presentation. The alternatives with the harvest flow percentage lower than 50% in which no solution was obtained are not presented for the same reason. It is obvious that the increase of the harvest flow percentage results in the higher total harvested volume similar to DET model results (Table 1) . The simulated values of the harvested amount in each period are higher than the expected amount obtained by the ROB model (Table 6 ). This difference is obvious especially in the first periods. The total harvested amount of the ROB model during the whole planning horizon is much lower than the total harvested amount in the case of the DET model. However, the simulated values of the ROB model (Table 6 ) are higher than the simulated values of the DET model (Table 2 ). This means that the realized harvest situation will always be better than the planned harvest, and that is the main important advantage of the RO.
ROB Model Simulations
Consecutive
Discussion
The sustainable use of natural resources is not only about the balanced harvesting or economic profit. Sustainable management aimed at sustainable development must include all services provided by the natural resources. However, the economic prosperity significantly contributes to the social welfare. The prosperous company is then willing to reduce its demands on the fulfilment of production. Moreover, the unexpected fluctuations in harvesting can cause excessive ecosystem loading by trying to ensure stable financial incomes for the company and employees. Balanced harvesting is a necessary part of sustainable development. Mathematical programming methods have been widely used for harvest scheduling since the 1970s, and harvest flow constraints have been an important part of all developed models [28] . The great importance of the harvest flow constraints to the optimal solution is evident from the presented results. However, there are a lot of sources of uncertainties and risks in forest management which can significantly disturb the flow of harvesting. Some of them are difficult to predict, such as climate conditions or natural disturbances. Those sources of uncertainty that can be at least approximately predicted should therefore be a part of harvest scheduling processes.
The RO is one of the approaches used to incorporate the uncertainties into the harvest scheduling. The RO is under the focus of many researchers because of its not-so-stochastic nature. Palma and Nelson [5] based the robustness (a) on the minimal demand of harvested amount condition, or (b) on the protection against infeasibility for volume-fluctuation constraints. However, they applied the model to a linear programming model in which spatial details cannot be included. Models integrating spatial aspects are needed in the long-term planning process because of certification requirements, aesthetic concerns, fragmentation issues, etc. [29] . In another work, Palma and Nelson [21] applied robust programming to a binary programming problem, however, they did not test the effect of robustness on the harvest flow. This paper concentrates more on testing the uncertainty in the harvest flow constraints in spatial harvest scheduling models. Moreover, the goal of the paper was to test different harvest flow percentages as opposed to the mentioned authors who were more focused on testing different types of protection levels. However, if the forest sector plays a great role in the bioeconomy [30] , quality and reliable harvest scheduling that includes spatial details as well as harvest flow conditions is needed. The value of the protection level (Γ) is a very important parameter of RO because it represents how many left-hand side coefficients of that constraint we assume have deviations from their original values. In other words, this value shows how many variables (harvest units) can have negative deviations from their deterministic values (i.e., in a sense it shows the size of the user's confidence in the predicted deviations). The robust harvest scheduling model presented in this paper includes robustness based on harvest-flow conditions for each planning period. The advantage of the RO is that the optimal solution will be better and a higher success rate than the worst possible real situation. When the robustness is laid on an objective function, it is ensured that the total harvested amount will be higher than the value of the objective function of a RO model. However, it cannot be ensured that the partial harvested amounts in individual periods will actually be better than what a RO model gives. The results of the simulations based on the ROB model presented in this study are always better than the ROB model results even in the partial periods.
The first discovered complication of the presented approach is the computational complexity, which seems to be an obstacle for its practical use. The computational experience reveals the need to test various heuristic methods for pre-solving the robust models with harvest flow constraints, as in the case of complex spatial harvest scheduling problems (see, for example, [31] ). Palma and Nelson [5] also draw attention to the problem of the size of robust programming models, but point out that the models are still linear, which is their greatest advantage. General linear programming problem has n variables and m + n constraints (n is the number of non-negativity constraints). A general robust model has n + m + m × n variables and 3m + n + 2m × p, where p is the number of variables considered where uncertainty occurs. In addition, in the presented model, we are still transferring the objective function into the constraints, so the increase will be even higher.
Additionally, there is an obvious correlation between the level of protection, harvest flow, and computational time altogether. In the case of the harvest flow greater than or equal to 50%, it is evident that with growing protection levels the gap tolerance approaches zero. We assume that the decrease in gap tolerances originates in the general behavior of the gamma-robustness models. The presented approach of robust optimization generally tends to choose those basic variables (i.e., those harvest units that are going to be harvested) to incorporate into the optimal solution for which the uncertainty is assumed. If there is only a small percent of the units with the considered uncertainty, it is assumed that these units will be preferably chosen for harvesting, but then it is necessary to choose and accompany them with other units where the uncertainty is not considered. In the case of a higher number of uncertain units, the model assumes that those will be incorporated into the solution (if feasible) and then it spends less time searching for other deterministic units to incorporate into the solution. This tendency was observed by Hlavatý and Brožová [32] who performed calculation experiments with the same approach to model robustness on a simpler linear programming case.
The results could be different when a different initial age structure is used. In this paper, the real age structure of the forest was used, so the results could not be generalized for any kind of forest structure. Testing of age structure influence on the RO results was not yet done and could be the key point for ongoing research.
The RO provides a robust optimal solution, which in reality will always be better than the actual schedule. Contrary to other works (e.g., [5] ), simulations were always better (100% of cases) than the solution obtained by the ROB model. Unlike the deterministic model, a larger amount of timber will be harvested than the optimal solution suggests, because this solution is calculated using the worst-case (negative deviations) alternatives of stand volumes. The harvested volume reduction is referred to as a price of robustness. However, the extreme positive deviations can also significantly affect the harvest flow. Unfortunately, this characteristic could not be incorporated into the harvest scheduling process by the presented approach because of the nature of RO. A potential approach is called multi-band robust programming, as proposed by D'Andreagiovanni and Raymond [33] .
There is an obvious advantage in the use of RO due to its not-so-stochastic nature. However, stochastic programming has already been used for harvest scheduling models under uncertainty as well (see, for example, [34, 35] ). As was shown above, many problems facing the full applicability of RO for forest management must still be solved.
Conclusions
The uncertainty caused by human errors and natural impacts majorly affects forest management and harvest scheduling, especially from a long-term point of view. Despite this mentioned fact, the presented impacts of uncertainty were marginally included in practical forest management. It is obvious that to ensure sustainability, harvest scheduling approaches must include uncertainty sources as much as possible to avoid extreme fluctuations of harvesting during the planning horizon. The fluctuations in harvesting can negatively affect not only forest-timber supply chains but also forest ecosystems. Classical methods of harvest scheduling are not able to include uncertainty, while the presented robust optimization approach can be considered as a possible manner in which to make forest planning more realistic. Although many sources of uncertainty are not included in the presented analysis (climate change, timber market prices, etc.) for methodological reasons, it is obvious that it is necessary to further develop and explore methods that can help to make a right decision in the rapidly changing world. The uncertainty should be reduced as much as possible by also minimizing human errors or improving prediction models.
